Magnetotransport experiments on Weyl semimetals are essential for investigating the intriguing topological and low-energy properties of Weyl nodes. If the transport direction is perpendicular to the applied magnetic field, experiments have shown a large positive magnetoresistance. In this work, we present a theoretical scattering matrix approach to transversal magnetotransport in a Weyl node. Our numerical method confirms and goes beyond the existing perturbative analytical approach by treating disorder exactly. It is formulated in real space and is applicable to mesoscopic samples as well as in the bulk limit. In particular, we study the case of clean and strongly disordered samples.
I. INTRODUCTION
Materials realizing a nodal dispersion, such as Dirac and Weyl semimetals, are currently one of the main research topics in condensed matter physics. Early proposals for materials featuring Weyl nodes 1-3 were soon followed by spectroscopic experiments confirming the nodal bulk dispersions and hallmark surface states, which appear in the form of Fermi arcs. [4] [5] [6] [7] Weyl materials show peculiar magnetotransport properties 8 that are reflected in two distinct experimental observations. First, when the electric field is aligned parallel to the magnetic field, i.e., E B, the observed unusual negative magnetoresistance [9] [10] [11] [12] [13] [14] [15] [16] is understood in terms of the chiral anomaly. 17, 18 In a simplified picture, as a magnetic field turns the Weyl node into a highly degenerate chiral state, backscattering has to occur at the inter-node level. This is much less effective than intra-node scattering relevant for the B = 0 case and hence leads to an increased conductivity. Second, and of main interest for the rest of the paper, we consider transversal magnetotransport, i.e., E ⊥ B, where the chiral anomaly is not operational. Experimentally, a large transversal magnetoresistivity has been observed in a variety of Dirac and Weyl materials at low temperatures around T = 2 K. Early studies of the Dirac semimetal Cd 3 As 2 10,19-21 with multiple Dirac cones were followed by measurements on the single-Dirac cone material TiBiSSe 22 and Weyl materials NbAs 23 , TaAs 24 and NbP. 25 Note that a Dirac node splits into two Weyl nodes when a magnetic field is applied. The transversal resistivity can increase up to a factor of a thousand compared to the (B = 0)-resistivity upon the application of a magnetic field with a strength on the order of 10 T.
22
The observed linear and unsaturated growth of the resistivity with the applied magnetic field is in stark contrast to Boltzmann magnetotransport theory in metals where the magnetoresistivity is much smaller, quadratic in B for small B and saturating if the cyclotron frequency exceeds the scattering time. Thus, alternative theoretical approaches are necessary to explain the experimental results.
Abrikosov studied the problem of transverse magnetoresistance long before the confirmation of Weyl and Dirac materials in the laboratory. He developed a perturbative analytical approach for transversal magnetotransport of a single Weyl node Hamiltonian. 26 He used the Kubo formula and Born approximation to include the effect of weak disorder while focusing on the quantum limit. Indeed, this approach results in a linear and non-saturating magnetoresistance under the assumption of screened Coulomb impurities.
The recent experiments triggered a renewed interest in the problem leading to the appearance of a number of theoretical studies reproducing and extending Abrikosov's earlier results. [27] [28] [29] [30] [31] [32] [33] [34] Notably, the more realistic situation with a pair of nodes was accounted for in Refs. 27, 28, 30, and 33, while disorder was assumed to be of (uncorrelated) Gaussian white noise type in Refs. 28, 29, and 32 and to have a finite range in Ref. 30 . However, most of the approaches in the recent papers follow Abrikosov's method by treating dis-
Lead Lead
FIG. 1. Sketch of modeled transport experiment. The magnetic field points in the z-direction perpendicular to the transport direction (x). The lower panel shows the doping distribution V (x) (green) that defines the leads, and the choice for the vector potential Ay (blue). The piecewise constant approximation of Ay, shown with a dotted dotted line, is used in the scattering matrix approach for the situation including disorder U (r). 
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However, the extent to which the above theories are applicable to experiments is still under debate.
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In this work, we complement the existing analytical and perturbative approaches to transversal magnetotransport in a Weyl node by introducing a numerical method that treats disorder and the magnetic field exactly. This is of relevance in the limit B → 0 due to the known failure of the SCBA, which misses relevant crossed disorder diagrams. 35 It also allows us to study the interplay between magnetic field and strong disorder, the latter of which is known to drive a phase transition 36, 37 between a semimetal and a diffusive metal in the case B = 0. Finally, by being formulated in the framework of scattering theory, our formalism applies to mesoscopic systems while the bulk limit is well within reach.
Although we formulate our method for undoped Weyl nodes µ = 0, it can be straightforwardly generalized to include finite µ. Similarly, although the disorder type could be freely specified, we limit ourselves to Gaussian disorder with correlation length ξ.
After introducing the model in Sec. II, we apply our method in three different situations: first, in Sec. III, we extensively discuss the limit of mesoscopic magnetotransport in a clean Weyl node. Second, we introduce the exact treatment of disorder in Sec. IV and review the perturbative Born-Kubo approach in Sec. V. We show in Sec. VI that for weak disorder both theories are in excellent agreement. For strong disorder we find a negligible dependence of the conductivity on the magnetic field. We conclude in Sec. VII.
II. MODEL
We study magnetotransport in a Weyl-semimetal slab with length L and transversal widths W y , W z L shown schematically in Fig. 1 (drawing not to scale) . The scattering between several Weyl nodes can be neglected if their separation in reciprocal space is large compared to the inverse disorder correlation length and we consequently focus on a single node. We assume the magnetic field B = Be z in the z-direction and transport in the x-direction. The Hamiltonian reads
where v is the Fermi velocity, p the momentum operator and the vector potential is written in the Landau gauge
The leads at |x| ≥ L/2 are assumed to be free of magnetic field and are modeled as highly doped Weyl metals with the potential V (x),
In the central scattering region, the Fermi energy is located at the nodal point. The disorder potential U (r) is assumed to be present in the scattering region only and is modeled as a Gaussian correlated with zero mean and
where · · · dis denotes a disorder average and ξ is the disorder correlation length. The disorder strength is measured by the dimensionless parameter K.
III. MESOSCOPIC TRANSPORT IN CLEAN SAMPLES
We start by considering transport in the clean limit, i.e., K = 0. In the transversal y and z-directions, we apply periodic boundary conditions and use the resulting translational symmetry to make the ansatz ψ(r) = ψ(x)e i(kyy+kzz) with ψ(x) = (ψ ↑ (x), ψ ↓ (x)) T . We solve the scattering problem by assuming an incoming state from x = −∞ and finding the transmission coefficient t. In the central scattering region, |x| ≤ L/2, the Schrödinger equation for a zero-energy state leads to the following system of equations
where l B = /(eB) is the magnetic length. In the limit of infinite doping in the leads, V ∞ → ∞, the following boundary conditions are enforced by the lead states from wave-function matching
with r the reflection coefficient and
The two spinors belong to the left-and right-propagating modes in the leads, i.e., the eigenvectors of the velocity operator vσ x . To obtain solutions for t, we redefine
, such that the coupled system of equations reads
and the boundary conditions become ψ − (L/2) = 0 and
√ 2 can be found by numerically solving Eq. (8). In the inset of Fig. 2(a) , the transmission eigenvalue T = |t| 2 is shown as a function of (k y , k z ) ≡ k ⊥ for L/l B = 3. We observe that the presence of the magnetic field causes a gauge-dependent k y -k z asymmetry whereas the B = 0 result T = cosh −2 (L|k ⊥ |) 35 is rotationally symmetric. Nevertheless, the k ⊥ = 0 mode still shows perfect transmission. The conductance G is calculated via the Landauer formula
and is shown in Fig. 2 (a) where the dotted line represents the known result in the limit
with the system's transversal width W =
, when the magnetic field becomes relevant, the conductance vanishes rapidly with
Although we did not succeed in deriving an analytical expression for G in the limit L/l B 1, the exponential suppression can be understood from the form of the bulk wave functions in the vicinity of zero energy. The zeroth Landau level is chiral and reads
with energy ε 0,+ = + vk z and |↑ = (1, 0) T . The x position of the exponentially localized wave function is determined by the transversal momentum k y . Due to translational invariance (i.e., the absence of disorder), k y is conserved and coherent transport between the leads only proceeds via the exponential tail of the orbitals leaking across the sample. This qualitatively explains the observed exponential suppression of the conductance with length.
The Fano factor
is a measure of shot noise in quantum transport 38 and is shown in Fig. 2(b) . In the limit L l B , we find F = 0.57 in agreement with the pseudo-ballistic regime described in Ref. 35 . With increasing field B, the Fano factor also increases and reaches up to F = 0.74 in the large-B regime.
Upon the inclusion of disorder, i.e., K > 0, the momenta are no longer conserved and we expect a diffusion process between localized orbitals leading to drastic change of transport behavior. Indeed, we show in the next section that in the large system limit the transport with K > 0 becomes diffusive.
IV. NUMERICAL MAGNETOTRANSPORT IN THE PRESENCE OF DISORDER
We use a stepwise strategy to find the scattering matrix of the magnetotransport problem in the presence of a specific disorder realization. We divide the scattering region of length L in slices of length ∆x, as shown in Fig. 1 , with ∆x much smaller than both ξ and l B . We concentrate the magnetic flux between x and x + ∆x in an infinitely thin sheet at x+∆x where the vector potential A y (x) accordingly has a jump. Likewise, the disorder potential in the slice is represented by an infinitely thin sheet at x + ∆x. The scattering matrix S x,x+∆x of a slice can be found from concatenation of the scattering matrix S (0)
x,x+∆x for free propagation from x to x + ∆x and the scattering matrices resulting from the vector potential step S (B) x+∆x and the disorder sheet S (dis) x+∆x . The scattering matrix of the full system is found from concatenation of slice scattering matrices. This approach to transport in the presence of disorder has been applied previously for two-dimensional Dirac dispersions 39 and Weyl nodes, 35 and also in the presence of parallel magnetic fields. 40 We refer to these references for the specific form of the disorder-sheet scattering matrix S (dis) x+∆x and the derivation of the scattering matrix for free propagation within the (clean and field-free) slice
with the following transmission and reflection blocks,
wherek y = k y − e A y (x) is x-dependent. Finally, we compute the scattering matrix S
x+∆x for an abrupt jump in vector potential representing a magnetic field B(x) = δ(x + ∆x)B∆x. This scattering matrix is found by considering two leads meeting atx = 0 in the presence of a jump in the vector potential,
Atx = 0, we match the wave functions (with incoming state fromx = −∞) and use a L,R ≡ e A yL,yR and
where N L,R represents spinor normalizations and k
z are the momenta in transport direction in the left and right lead, respectively. Solving Eq. (16) and taking the limit V ∞ → ∞ as above, we find t = 1 and r = 0. Thus, the scattering across a localized transverse field is trivial. Note, however, that the magnetic field also enters the free slice scattering matrix S (0)
x,x+∆x via the appearance of A y (x). In summary, we obtain the total scattering matrix of a slice as S (0)
x+∆x (here ⊗ denotes scattering matrix concatenation 38 ).
We discretize the transversal momenta in accordance with the periodic boundary conditions, k y,z = 2π Wy,z m y,z , m y,z ∈ Z and choose a cutoff R y,z such that the transversal momenta |k y,z |ξ ≤ R y,z . We are interested in the physical limit R y,z → ∞ and claim convergence if the conductance and Fano factor (computed from Eqs. (9) and (11), respectively) do not vary with increased R y,z or reduced ∆x. The latter condition ensures that the magnetic field and disorder are taken into account exactly. We increase transversal dimensions until G/(W y W z ) and F are independent of the widths. We further check that the results do not change when antiperiodic transversal boundary conditions are applied.
We have checked that the stepwise approach presented in this section reproduces the results of Sec. III obtained for a smooth vector potential. Building up the scattering matrix of the full system S −L/2,L/2 from concatenating slices and labeling the intermediate scattering matrices S −L/2,x with −L/2 ≤ x ≤ L/2, we observe that the position of the maximum of the transmission T , denoted (k y , 0) is atk y = −Ll −2 B /2 for x = −L/2 and shifts tok y = 0 for x = L/2, cf. Fig. 2(a) , inset. Qualitatively, such a shift is also observed for the disordered case. With increasing x,k y moves to larger values. We can keepk y in the center of the k y mode range considered, if we apply redefinitions S k y , k z ; k y , k z → S k y − δ y , k z ; k y − δ y , k z along with A(x) → A(x) − δ y /e wheneverk y increases above a threshold value. Here, δ y = 2π/W y is the mode separation. This shift operation can be expressed as a concatenation with the scattering matrix,
where
Here, φ is an arbitrary phase and k y,min −R y /ξ and k y,max R y /ξ are the minimal and maximal wave vectors considered.
V. BORN-KUBO ANALYTICAL BULK CONDUCTIVITY
We apply our numerical approach in the important and experimentally relevant bulk limit L → ∞. As mentioned in the introduction, under the additional assumption of weak disorder, the transversal magnetotransport is expected to be diffusive. The conductivity σ xx can be calculated using the Kubo formula along with the Born approximation, following Abrikosov's seminal work in Ref. 26 . Here, weak disorder is understood to fulfill two conditions: (i) K < K c where K c is the critical disorder strength that, for B = 0, drives the semimetal to a diffusive metal phase. From Ref. 35 , we know that K c 5 for the specific disorder model in Eq. (4).
(ii) The disorder-induced level broadening Γ should be small compared to the Landau level separation ∼ v/l B .
In the appendix, we present a self-contained derivation for the transversal magnetoconductivity in the weak disorder case for the model defined in Sec. II. The calculation is carried out in the limit T → 0 such that it can be compared to the exact numerical data but the result remains valid for finite k B T as long as k B T v/l B . We find
The disorder broadening of the lowest non-chiral Landau level is found to be
For chemical potential at the nodal point, µ = 0, the Hall conductivity σ xy vanishes 26, 29 and ρ xx = 1/σ xx .
VI. NUMERICAL RESULTS IN DISORDERED SAMPLES
We now turn to the discussion of the results of our numerical approach from Sec. IV with finite disorder strength. We start with the weak disorder case and check for the validity of the analytical approach in Sec. V. The numerical results for K = 3 and l B /ξ = 1.8, 2.5, 3.0 and 3.6 are presented in Fig. 3 . The top panel shows the resistance normalized to the cross-sectional area as a function of system length L. We find that in the bulk limit L → ∞ the disorder averaged conductance behaves diffusively, i.e., dR/dL = const. The conductivity is extracted and depicted in the middle panel. The agreement with the analytical prediction in Eq. (18) (solid line) is excellent and confirms the validity of the Born-Kubo calculation. As a further confirmation of diffusive transport, the Fano factor in the bottom panel asymptotically converges to F = 1/3.
In the case of strong (supercritical) disorder, the Weyl node at B = 0 behaves as a diffusive metal with a finite conductivity. 35 In Fig. 4 we show numerical results for transversal magnetotransport in the case K = 12 that indicate a decreasing conductivity with magnetic field. Unfortunately, due to the limitations in system length, the bulk limit (L l B and constant dR/dL) cannot be assessed for l B 5 and the weak field scaling of ∆σ xx (B) = σ xx (B) − σ xx (0) cannot be identified unambiguously. If longer system sizes become available in the future, it would be interesting to check if the predicted Numerical results for transversal magnetotransport in a weakly disordered Weyl node. We use K = 3 and lB/ξ = 1.8, 2.5, 3.0 and 3.6. The top panel shows the resistance averaged over ∼ 50 disorder realizations vs. length. The conductivity is extracted by a linear fit for large L (dashed lines) and depicted in the middle panel. The agreement with the analytical prediction in Eq. (18) (solid line) is excellent. The bottom panel shows the Fano factor vs. length, which approaches the diffusive value of F = 1/3 (dashed line).
VII. CONCLUSION
In this work, we developed a numerical approach to transversal magnetotransport in an undoped Weyl node. Our method is based on a real space formulation and is thus suitable for mesoscopic systems as well as capable of capturing the bulk limit. Building on the scattering matrix technique, we circumvent the fermion doubling theorem and faithfully describe single node physics. Our method treats both disorder and magnetic field exactly. Starting from the clean limit, the following qualitative picture emerges: The wave functions of the Landau levels are localized along the transport direction, and centered around a position determined by the crystal momentum in the direction perpendicular to both transport- Numerical results for transversal magnetotransport in a strongly disordered Weyl node. We use K = 12, which is well above the B = 0 critical disorder strength. Top panel: Resistance averaged over ∼ 1000 disorder realizations vs. length. The bottom panel depicts the conductivity in the bulk limit.
and magnetic field direction. The wave functions decay exponentially in transport direction leading to a conductance exponentially decaying with system length. However, this picture is unstable under the inclusion of any finite amount of disorder, which breaks crystal momentum conservation and consequently allows for hopping between localized orbitals. Eventually, with increasing length, diffusive transport characteristics emerge.
An important aspect in any theory of transversal magnetotransport is the choice of a disorder model. The celebrated linear magnetoresistance observed in experiments is believed to be due to the presence of screened Coulomb type disorder. In this work, however, we have assumed a disorder potential with finite range correlations.
In the case of weak but finite disorder strength, our exact numerical data are in excellent agreement with results from a perturbative analytical calculation that we adapted to the disorder potential assumed. The transversal conductivity increases linearly with weak magnetic field as long as the magnetic length is much larger than the disorder correlation lenght, ξ l B . This is in agreement with previous analytical results assuming white noise disorder (i.e., ξ = 0) in Refs. 28, 29, and 32. Recently, finite range correlated disorder was also investigated analytically in Ref. 30 with the claim that it leads to decreasing transversal conductivity with increasing magnetic field if the correlation length exceeds the magnetic length, different from our analytic result in Eq. (18) .
Further, we applied our exact numerical method to situations beyond the validity of the analytic result, namely the clean and the strongly disordered limit.
An interesting direction for future study is the straightforward generalization of our method to the aforementioned screened Coulomb disorder or to finite chemical potential. Both modifications are relevant for experiments. Further, in the semiclassical limit, Song et al. 42 proposed a guiding center picture of linear magnetoresistance that could be checked with our exact and fully quantum-mechanical approach.
Clean Green function
To fix the notation, we repeat the solution for the clean Hamiltonian H 0 = v k − e A · σ with A = (0, Bx, 0). The system is placed in a box of volume V = L 3 . All eigenfunctions are labeled by their momentum perpendicular to the transport direction, k ⊥ = (k y , k z ), and the Landau-level index m = 0, ±1, ±2, · · · ∈ Z, where negative m correspond to negative energies and positive m to positive energies. For m = 0, the eigenenergies and -spinors read
and for m = 0
with the orthonormal harmonic oscillator wave functions centered at x c = l
the Hermite functions ψ m (x) = H m (x) exp(−x 2 /2)/ 2 m m! √ π and the Hermite polynomials H m (x). By counting the number of possible center coordinates x c within a y-extent of length L, we find that the k y -degeneracy of each
. The clean Matsubara Green function is given by
The only Green functions necessary to calculate the conductivity at zero energy carry indices m = 0 and m = ±1. Explicitly, they read
Disorder scattering in Born approximation
In the Kubo calculation of the transverse magnetoconductivity σ xx , which follows below, we need the imaginary part of the disorder-averaged retarded self-energy correction for m = ±1 and k z = 0
The Born-approximation diagram is a loop including a free propagator, which we can restrict to the (m = 0)-Green function due to its small energy denominator. After averaging over disorder, the diagram reads
The overlap between the Landau level wave function and the momentum eigenstate can be evaluated by inserting a real-space basis giving
Inserting the disorder correlator in momentum space, i.e.,
allows the evaluation of the integrals over real space and momentum giving
At k z = 0, we finally obtain a simple expression independent of k y and the sign of m = ±1,
(A13)
Transversal magnetoconductivity from Kubo formula
The transversal magnetoconductivity σ xx is obtained via the Kubo formula
with the imaginary-time current-current correlation function Π xx (τ − τ ) = −Tr [ T τ j x (τ )j x (τ ) ] where T τ denotes imaginary-time ordering and j x is the current operator j x = evψσ x ψ. By using standards methods, 43 we find
where disorder-dressed Green functions are denoted by G and the trace is over spin degrees of freedom, σ, and the Harmonic-oscillator basis, φ. In Eq. (A15), we have neglected the small vertex correction, which can straightforwardly be calculated to be Γ 2 /( vl 
Next, we perform the Matsubara sum using the standard procedures and expand for small Ω. We find
and let T → 0. This yields
We approximate the sums over m 1 and m 2 with the dominant terms, i.e., using the the minimal |m i |. This is justified in the limit of magnetic energy large compared to level width vl 
In the weak disorder limit discussed above, the last factor can be treated as a δ-function, which yields
